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Abstract. By discovering that solutions of the vanishing viscosity approx- 
imation (but without fiux regularization) to a scalar conservation law with 
discontinuous flux are equal to a fiux crossing point at the interface, we derive 
entropy conditions which provide well-posedness to a corresponding Cauchy 
problem. We assume that the flux is such that the maximum principle holds, 
but we allow multiple flux crossings and we do not need any kind of genuine 
nonlinearity conditions. Proposed concept is a proper generalization to the 
standard Kruzhkov entropy conditions and it does not involve transformation 
of the equation or use of adapted entropies. 



The subject of the paper is the foUowing Cauchy problem 



where u is the scalar unknown function; uq is a function such that a < uq < b, a^b G 
M; H is the Heaviside function; and f,g G C^(R) are such that /(a) = g{a) — ci, 
f{b) = g{b) = C2 for some constants Ci and C2. 

Problems such as ([I} describe many physical phenomena related to flow in porous 
media, sedimentation processes, traffic flow, radar shape-from-shading problems, 
blood flow, gas flow in a variable duct... Therefore, they are under intensive inves- 
tigations since its introduction in [23], but specially in the last twenty years. 

As usual in conservation laws, the Cauchy problem under consideration in gen- 
eral does not possess classical solution, and it can have several weak solutions. Since 
it is not possible to directly generalize the standard theory of entropy admissible 
solutions [18], in order to choose a proper weak solution to ([T]) many admissibil- 
ity conditions were proposed. We mention minimal jump condition [14] . minimal 
variation condition and T condition [HI [IH], entropy conditions [THl H], vanishing 
capillary pressure limit [TS] , admissibility conditions via adapted entropies [7] |H] or 
via conditions at the interface 0|31[TT]. Excellent overview on the subject as well 
as a kind of unification of the mentioned approaches can be found in [6] . 

However, in every of the mentioned approaches, in order to prove existence or 
uniqueness of a weak solution to the considered problem, some structural hypothesis 
on the flux (such as convexity, genuine nonlinearity, the crossing condition) or on 
the form of the solution (see [31 H]) were assumed. An exception is paper [T^] 
where none of mentioned assumptions has been used in order to prove existence 
and stability of several stable semi-groups of admissible solutions to ((T]) . The proof 
was based on a transformation of the equation which provides a kind of the crossing 
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conditions. As it comes to the crossing conditions, they are introduced in (16; where 
degenerate parabohc equation with discontinuous flux is considered: 

idtu + iH{x)fiu) + H{-x)g{u)) = d:,^A{u), (t, x) G (0, T) x M 
yu\t=o^uQ{x) £ BV{R)nL^{lR), xeR, 

where A is non-decreasing with A{0) — 0. Assuming that A = we obtain the 
problem of type ([1]). In order to obtain uniqueness of a weak solution to the 
problem, the following reminiscent of the Kruzhkov admissibility condition |18| is 
used: 

Definition 1. [TB] Let u be a weak solution to problem ([Ij. We say that u is an 
entropy admissible weak solution to ([T]) if the following entropy condition is satisfied 
for every fixed ^ € R: 

dt\u - + a,{sgn(^. - e) [Hix){f{u) - /(O) + H{~x){g{u) - g{0)] } 

-\fiO^9m5{x)<0 in V'iM+xM). 

The entropy condition from Definition [T] rely on a rough estimate of behavior 
around the interface a; = of solutions to equations regularized with vanishing 
visosity and flux regularization. Therefore, the latter concept provides the well 
posedness only under the additional assumptions: the crossing conditions and ex- 
istence of traces of entropy solutions at a; = 0. 

Let us first recall the notion of traces. 

Definition 2. Let W : R x 1R+ ^ IR he a function that belongs to L°°{RxR+). 
By the right and left traces oiW{-,t) at the point a; = we call the functions 
t^W{0±,t) L^^{R+) that satisfy for every ip e CciR+): 



lim / \W{t,x) - W(t,0+)\ipit)dt ^ 0, lim / \W{t,x)-W{t,0~~)\ip{t)dt^O. 

As we have shown in [19], results on existence of traces from [20] allow us to 
assume that the traces always exist. We shall now recall the results. 

Definition 3. We say that the function u G L°°{R'^) is a quasi-solution to the 
scalar conservation law 

div^F{u) = 0, xe R"^, 
where F = {Fi, . . . , Fd) € C{R'^; R) if it satisfies for every e R: 

div,sgn(u-e)(i^(u)-F(e)) =7fc in V'{R''), 
where 7fe is a locally bounded Borel measure. 

Theorem 4. |20j Let h, f G C{R). Suppose that the function u is a quasi-solution 
to 

dth{u) + d^f{u) ^0, {t,x)eR+xR, 

where the vector {h, f) is such that the mappings ^ i— )■ /i(^) and ^ /(^) are not 
constant on any non-degenerate interval. 

Then, the function u admits right and left strong traces at x = 0. 

We recall next the crossing conditions. We were not able to cope with them in 
a natural way in [TO] : 
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Crossing condition: For any states m, v the following condition must hold: 

f{u) - g{u) < < f{v) - g{v) =^u<v. 

The latter condition can be fulfilled only in the case when the functions / and 
g have a single intersection point between a and b. One of the ways to overcome 
this obstacle (proposed in [19j ) is to introduce a transformation of the unknown 
function u: 

V = a{u)H{x) + P{u)H{-x) a{v)H{x) + l3{v)H{-x), 

and denoting fa — f o a and gp — g o /3, we have from ([T]): 



dtia{v)Hix) + P{v)H{-x)) + a, {H{x)Uiv) + H{-x)gp{v)) = 0, 
v\t=a = a{uo)H{x) + j3{uo)H{-x). 



(2) 



So, instead of dealing with the flux H{x)f{u) + H{~x)g{u), we deal with the new 
flux H{x)fa(v) + H{—x)gf}{v). By an appropriate choice of the functions a and 
/?, the functions fa and gp will satisfy the crossing conditions and we shall have 
well posedness for If the functions a and /3 are monotonic, the latter implies 
well-posedness of ([T|). 

However, this is not completely satisfactory. What we want to find are entropy 
conditions which provide well posedness without (more less) artificial transforma- 
tion of the equation. To be more succinct, let us consider the usual vanishing 
viscosity approximation to ^ 

dtu^ + dx{f{u^)H{x) + g{u^)H{~x))] ed^^Ue- (3) 

and assume that (u^) is Lj^^^-strongly precompact. Remark, in passing, that we did 
not regularize the Heaviside function appearing in the last equation. An Lj^j^^-limit 
along a subsequence u of (u^) will represent a weak solution to ([T]). 

Assume now that we have a weak solution w to ([T]). We would like to know 
what conditions should u satisfy so that it represents a subsequential Lj^^^-limit to 
(uj). It appears that they can be obtained by an analysis of the vanishing viscosity 
approximation to ([1]) at the interface. Actually, we shall show that solutions to the 
vanishing viscosity approximation ([3]) must be equal to some of crossing points of 
fluxes / and g. This conclusion leads us to the following admissibility concept. 

Definition 5. Let m be a weak solution to problem |T]). Let pi, . . . ,pk be all points 
from the interval [a, b] such that f{pj) — g{pj), j ~ I, . . . ,k. 
We say that u is an entropy admissible solution to ([T]) if 

(D.l.) u e L°^{1R+ X R) and u{t, x) G [a, b] for almost every (t, x) e R+ x M; 
(D.2) there exists a function p : — > {pi, . . . ,pk} such that 

dtu + d.{sgn{u - [Hix){f{u) - /(O) + H{-x){giu) - g{0)] } (4) 
+ sgn(p(t) - OifiO - 9iO)Six) < in V'{1R+ x M). 
The paper is organized as follows. 

In Section 2, we shall prove Lj^^^^- well-posedness to ([1]) under the genuine nonlin- 
earity assumption on the flux. 

In Section 3, we shall prove the general well-posedness result. 
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1. Well posedness under the genuine nonlinearity assumptions 

In this section we shall assume that the flux satisfies the genuine nonlinearity 
conditions. This is necessary since the existence proof reduces to a convergence of a 
family of approximate solutions to ([T]). The latter convergence is, in turn, provided 
by the genuine nonlinearity conditions. More precisely, we can also assume a little 
bit less {51, but we shall use this in the next section. 

Definition 6. We say that the flux from the equation in ([T]) is genuinely nonlinear 
if the mappings 

and 

are not identically equal to a constant on non-degenerate subintervals of (a, b). 

We shall start with the existence proof. 

Theorem 7. Assume that the flux from the equation from ([T]) is genuinely non- 
linear. Then, there exists a weak solution u to ^ satisfying the conditions from 
Definition [5l 

Proof: Introduce the function lu : ]R ^ IR which is smooth, non-negative, com- 
pactly supported and has a total mass one. Denote by Ha{x) = J^^^ ijj{z)dz a 
regularization of the Heaviside function and by So- its derivative. Consider the 
following Cauchy problem: 

dtUe,a + dx{f{ue.a)H„{x) + g{u^^„)H„{-x)) = ed^xUe^a, (5) 

^ = uo{H{- - l/a) - H{l/a - •)) e L\R). (6) 

For any ^ G IR, the function u^.tj satisfies 
dt\ue,a~^\+dx{sgn{u,^„-0{{f{ue^a)-fiO)Ha{x) + {g{u,,,)^g{0)H^{~x)) (7) 

+ Sgn{Ue^a - OifiO - 9{£.))STix) = £Sgn('Ue,^ - OdxxUe,cr, 

Also, since initial conditions are bounded between a and b, Ug^„ remains bounded 
between a and b for every e and a. A simple proof of the latter fact can be found in 
[I]. Furthermore, the following energy inequality holds for an arbitrary relatively 
compact K CC M 

( {u^^ait, •) ~ ul) dx + [ I {dxUe,aYdxdt < — , 
JK Jo JK £ 

where C is a constant depending on K, but not on a. 
The same holds for a solution v^^a to 

dtVe^a + dx{f{Ve)H„{x) + g{v^^„)H„{-x)) = edxxVe.cr, (8) 

v,,^ =vo{H{--l/a)-H{l/a--))eL\R). (9) 
t=o 

For readers' convenience, we rewrite ([7]) for v^_a- 

dt\ve,a-^\+dxisgn{v,,^~0iifi^e,a)~fi0)H^{x) + {9{v,,„)~gi0)H„{-x))) 

(10) 

+ sgn(ue.<T - OifiO - 9iO)^<Tix) = esgn(we_^ - OdxxVe,a- 
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m 



dt\Ue.a - Ve,a\ (11) 
+ dx(sgn{Ue^a- - Ve,cr){{I{Ue,cr) " f {Ve,a)) Ha{x) + {g{Ue^a) - fj (v e ^ a)) H a i-x))j 
+ S.gn{u^,„-V^,a)if{Ve^^)-g{v^,a))Sa{x) + Sgn{Ve,a -U^,a){f{Ue,a) - g{Ue,a))Sa{x) 
= Sgn(t;£^o- - U^,„)dxx{Ue,c, - Ve^)- 

On the other hand, if we multiply both ([5]) and ^ by sgx\{u^^a — v^^a) and 
subtract the resulting equations, we reach to the following relation 

dt\Ue,a ~ Ve,a\ (12) 

+ 9a;(sgn(ue^^ - i;e,o-)((/(ue,<T) - f{ve,a))Ha{x) + {g{u^^„) - g{v^^„))H„{~x))^ 

= Sgn(Ue,^ - U^,a)dxx{Ue,a " U^^a)- 

If we compare (fTTj) and (|T2|) we conclude 

Sgn(We,£, -U£.a)(/(We.ff) - g{Ve.a))Sa{x) +Sgn{Ve.a -U6,a){f (Ue.a) ~ g{u^.a))Sa{x) ^0. 

(13) 

Next, we let here u — > 0. It is not difficult to see that, due to the fact that the energy 
inequality does not depend on a, it holds L] — lim a ^ e L] {IR^ ; Hi (IR)) . 

From here and the Sobolev inequality, we conclude that £ L\^^{1R+ ; C {R)) . 
Thus, from (|13p . we get after letting cr 

sgn(ue - v^)(f{ue) - g{ve))5{x) + sgn(ue - Ve){f{ve) - g(v^))5{x) = 0. (14) 

If in we take Vq = Pj for some Pj such that f{pj) — g{pj) (remark that — Pj 
in his case), we get from (ITil) 

sgn(Me - Pj){f{u^) - g{u^))S{x) = 

implying that for almost every t 6 IR'^ 

{f{u,)-g{u,))6{x)^0 =^ We(^,0)=p(^)efe;^ = l,...,fc}, 

where pi, i — 1, . . . , fc, are such that f{pi) — g(jpi)- From here and ([7]), we conclude 
that Ue satisfies 

dtW-^\ + dx{sgn{u,-0{{f{ne)~fmH{x) + {g{u,)-g{i))H{-x)) (15) 

+ sgn(p(t) - C)(/(0 - 9{0)S{x) = esgn(w£ - C)dxxUe < ed^xWe - CI- 

Since we have assumed that the flux is genuinely nonlinear, according results from 
|21| . we conclude that there exists u S L\^^{M^ x M) such that along a subsequence 
L\ — lim Ue ~ u. The function u is a weak solution to ([ij which obviously satisfies 

e— >0 

conditions from Definition [5] 



□ 
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Now, we pass to harder part of the well posedness proof - uniqueness. Let us 
first single out admissible shock waves lying at the interface a; = 0. Since there are 
many possibilities, we shall not formulate a statement, but we shall split analysis 
on several cases which will contain necessary information. 

First, assume that the shock wave of the form 

ju-, x<0 
[u^, X > 0, 

represents a weak solution to ([Ij. Being a weak solution, the constants u+ and 
must satisfy the Rankine-Hugoniot conditions g{u^) = f{u^). Now, we shall 
analyze admissibility of the shock depending on the relation between u+ and u^, 
and positions of the crossing points pj, j = 1, . . . , fc. 

In order to inspect admissibility of the shock wave u, we simply insert it in (jlj, 
and conclude that it must be for any ^ G [a, 5] 

(sgn(u+ - - /(O) - sgn(?/- - S.){g{u-) - 5(6) 

^ , (16) 

+sgn(p(t)-e)(/(0-.9(e)))'^W <0. 

Remark that if ^ < ,u~ ,pj or ^ > u'^ ,u~ ,pj, the the right-hand side in ()16|) 
reduces to 0, i.e. (fT6|) is an identity. Now, we can proceed with the analysis. All 
conclusions below easily follow from (|16p . 

Case 1: u+ < u~ 

• < < p{t) — Pj (assume that the time is fixed); 

(it) If 



• < Pj < u 

(ill) If 



(iv) If 



U+ < U < S, < Pj 



< ^ < M < Pj 
fiO < /(«+)• 



(17) 



(18) 



< Pj < ^ < u 



< ^ < Pj < u 

fio < /("+)■ 



(19) 



(20) 
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• Pj < < U 

(v) l{ 

(vi) If 



Case 2: u < u+ 

• u+ < M~ < p{t) = Pj 
fi)I{ 



(ii) If 



• u < Pj <u'^ 
(Hi) If 

(iv) If 



• Pj <u < u"*" 
(vi) If 



Pj < < S, < u 



Pj < < < u 
9{0 < fiO- 



u < < < Pj 



u < £, < < Pj 
g{u-) < 



u < ^ <Pj < 
9iu-) < 5(0- 



Pj < u < £, < 
Pj < ^ < < u~ 

5(0 < /(O- 
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Let u be an entropy admissible solution to ([T]). Denote by u+, G L°°{1R^) right 
and left strong trace of the function u at a: = 0, respectively. Clearly, strong traces 
of an admissible solution must satisfy relations (|17p - (P5|) . Furthermore, due to 
genuine nonlinearity conditions, according to [20j (see Theorem |4]), left and right 
strong traces to an admissible solution to ([Ij exist. 
Now, we can prove the uniqueness result. 

Theorem 8. Let u,v € L°°{1R~^ x IR) be two admissible solutions to ^ with initial 
data uq and vq, respectively, which admit left and right traces at x ^ 0. Then, for 
every i?, T > there exists C > depending only on f and g such that it holds 

/ \u{t,x) — v{t,x)\dxdt < T / \uo{x) — vo{x)\dx, (29) 

Jb{o,r) JB{a.,R+CT) 

Proof: Our aim is to derive the Kato inequality, i.e. to prove that for every 
ip e Cl{R+ X m). 



M+xR 



\u^v\^t (30) 



+ sgn(u - v) {{f{u) - fiv))H{x) + {giu) - g{v))Hi-x)) i^Adxdt > 0. 



It is weU known that ^ holds for tp e Cl{IR+ x (iR\{0})) (see e.g. [16]). In 
order to prove that it holds for any ip E {M^ x M) we introduce the function 

i(x + h), X e [-2h, -h] 

/ ^ ) 1> a; e [-h,h] 

^''^"^^^1(2/.-.), xe[h,2h] ^''^ 

0, \x\>2h 

and for an arbitrary ip G Cq{IR'^ x M), put = (1 — /x/i)-0 in After letting 

/i — 0, we get 



R+xlR 



u-v\ijt + sgn{u-v) {{f{u)- f{v))H{x) + {g{u)-g{v))H{-x))i;^jdxdt 

(32) 

> 



{-sgn{u+-v+)if{u+)-f{v+))+sgniu--v-)igiu-)-g{v-))) p{t,0)dt 

n+ 

S{u^,v^)ip(t,0)dt. 

-?+ 

Now, we shall prove that the right-hand side of the latter expression is greater than 
zero. The proof is tedious and it is accomplished by considering numerous different 
possibilities depending on relations between , and p{t) . 

Concerning the relation between and , let us remark that unless 

and u+ < v'^ or ^^^^ 
and u+ > t;^, 

then, according to the Rankine-Hugoniot conditions, the quantity S{u^,v^) = 
(see Cases 1-5 in the proof of Theorem 2.1]). On the other hand, the two cases 
from ([55)) are symmetric (since S{u^,v'^) = S{v'^,u^)) and their analysis is thus 
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the same. Thus, it is enough to prove that S{u^,v^) > if the first relation from 
([33]) is satisfied. 

We shall consider the following possible cases (for almost every fixed t). 

Case 1: u+ < w+ < < 

Case 2: u'^ < v~ < < 
Case 3: < < < 

Case 4: < u'^ < < 

Case 5: < < u+ < . 

We shall consider each case separately. Before that, notice that, according to the 
disposition of and and the Rankine-Hugoniot conditions: 

- sgn(u+ - v+){f{u+) - f{v+)) + sgn(M" - i;")(.g(M") - g{v~)) 

= - f{v+) + g{u-) - g{v-) = 2{f{u+) - f{v+)) = 2{g{u-) - g{v-)). 

Thus, we aim to prove that for almost every t G it holds 

fiu+) - fiv+) > or g{u-) - g{v-) > 0. (34) 

Denote by Pu = Pu{t) the function corresponding to the function p from the 
definition of admissibility of the solution u (see Definition [5|) . Similarly, denote 
by Pv = Pvit) the function corresponding to the function p from the definition 
of admissibility of the solution v (see Definition [S]). Recall that pu{t),Pv{t) £ 
{pi, . . . ,Pk} for almost every t £ 5?+, where pj, j — are the crossing 

points of / and g. 

Case 1 For almost every fixed t e M^, we have the following possibilities. 

• < < < < Pu 

The conclusion follows by taking ^ = in (18). 

• < < Pu < u~ 

The conclusion follows by taking ^ = u+ in (20). 

• < Pu < < 

The conclusion follows by taking £^ — in (19). 

• Pu < < < < 

The conclusion follows by taking ^ = w+ in (21). 

Case 5 This case is symmetric with the previous one. We need to simply 
consider position of Pv instead of p„ and to apply (23)-(28) instead of (17)-(22). 

Case 2 For almost every fixed t G 5?+, we have the following possibilities. 

• M+ < < u+ < < Pu 

The conclusion follows by taking ^ = u+ in (18). 

• M+ < < < Pu < 

The conclusion follows by taking ^ = w+ in (20). 

• u+ < < Pu < < 
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Here, we must involve the position of pv Before that, recah that from 
(|T9l) and ^ 

/(C) </(«+), ie[u+,p^]. ^ ' 

Now, we have the following possibilities. 

1. < v~ < Pu < < Pv 

From (24) and (|35|) . we have respectively g{v'^) < g{pu) < 9{u^) which 
is dll- 

2. < < Pu < Pv < < u~ 

From (25) and (|35)) . we have respectively /(«'*') < /(Pu) < /("^)- 
5. < u~ < pt, < p„ < u+ < w~ 

From (26) and (|35|) . we have respectively g{v^) < g{pu) < 9{u^)- 
4- Pv < < Pu < < W 

From (27) and ([55|) . wc have respectively f{v^) < f{pu) < f{u^)- 

• w+ < pu < < < u'^ 

The conclusion follows by taking f = in (19). 

• pu < < < v~ < u'' 

The conclusion follows by taking f = u+ in (21). 

Case 4 This case is symmetric with the previous one. We need to simply 
consider position of Pv instead of p„ and to apply (23)-(28) instead of (17)-(22) or 
vice verse when needed. 

Case 3 For almost every fixed t G iR+, we have the following possibilities. 

• v~ < < < u~ < Pu 

In this case, the first relation in (IM)) follows by taking ^ = v+ in p^ . 

• < p„ < M~ 

In this case, (p4)) follows from ((20)) by taking ^ = there. 

We must involve the position of Pv again. We have the following possi- 
bilities 

1. < u+ < pu < < < Pv 

From ([24)) . it follows g{v^) < g{pu) while from (1351) . g{pu) < g{u~)- 
Thus, dSl) follows. 

^. D~ < U+ < Pu < W+ < Pi, < W~ 

The situation is the same as the previous one. 

3. v~ < < Pu ^ Pv ^ l£ u~ 

From p6)) and (|35|) . it follows respectively ^(w^) < g(pu) < g{u^) which 
is (IMI)- 

< < Pv < < W+ < W~ 

From ([25l) and ([35l) . it follows respectively f{v^) < f{pu) < /(w^) which 
is dMl)- 

5. < Pv < < < W+ < W~ 

Relation p4l) follows as in the previous case. 

6. Pt, < < < < < w~ 

From ([271) and dSSl), it follows respectively /(w+) < /(p„) < /(u+). 

• < Pu < < < 
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Relation ([Ml) follows from ([2T|) . 

The conclusion is the same as in the previous item. 

From the given considerations, we conclude that S{u^,v^) > 0, i.e. that the 
Kato inequality (relation (pO|) ) holds. From here, the proof of the theorem follows 
in the standard way [18) . 

□ 



2. Well posedness in the general situation 

In this section, we only assume that /, g £ C'^(R-) are such that /(a) = g{a) = ci 
and f(b) = g{b) = C2 (so that we have the maximum principle), and that there exists 
a finite number of intervals (a^^ , a^^+i), j — 1, . . . , fc^, and {bi- , 6;. +1), i = 1, . . . ,ki, 
ki,kr e IV, such that the mappings 

^ (-^ 3(C) and ^ n> /(^) are constant on the intervals 

(fe;,,6;,+i), j = 1, . . . and {ar^,ar^+i), j ^l,...,kr, respectively. ^^^^ 

For a convenience, assume that [a,b] — U"li[ai,ai+i) and [a,b] = U"!]^ [6^, 6^+1), 
where ni,nr G IN , and oi = &i = a, and = &„, = b. The methodology that we 
are using is adapted from |19) . 

We shall need the notion of Young measures and remind that a typical use of 
the notion in the field of conservation laws can be found in [12]. We shall rely on 
a procedure from there. 

Theorem 9. |i 2?| Assume that the sequence (u^^,) is uniformly bounded in 
Lf^^{lR^ X IR'^)), p> 1. Then, there exists a subsequence (not relabeled) (u^^) and 
a family of probability measures 

such that the limit 

g{t,x) := lim g{u^^{t,x)) 

exists in the distributional sense for all g G C{1R). The limit is represented by the 
expectation value 

for almost all points {t, x) G x JR'^ . 

We refer to such a family of measures v = {i'[t,x)){t,x)^R+ xR Young 
measure associated to the sequence {us^)ke'N- 

Furthermore, 

u,^ ^ u in Ll^^{M+ X M'^), l<r <p 

if and only if 

Vf,xiO = ~uit,x)) a.e. {t,x) e M+ X M, 
where d is the Dirac distribution. 
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We shall avoid intervals on which the functions / and g lose genuine nonlinearity 
via the truncation operator si.r{u) = max{Z, niin{r, u}}, I < r, l,r IR. In order 
to apply it, we shall need to (slightly) adapt ideas from [5 on the following family 
of problems: 

(dtu^ + dx {f{ue)H{x) + g{ue)H{-x)) ed^xUe 

\ue ^uo&BVnL\R). ^^^^ 

Roughly speaking, we shall split the interval (a, b) on subintervals where the genuine 
nonlinearity conditions are fulfilled (and apply results from [21]), on intervals where 
the flux is linear but not constant (and apply ideas from [5]), and on intervals where 
the flux is constant (easy to deal with). In order to formalize the ideas, we need 
the following three lemmas whose proofs are omitted since they are the same as the 
corresponding proofs from |17j . 

Lemma 10. [171 Lemma 4.1] [L°° -bound] There exists constant cq > such that 
for all t e (0, T) the solutions to p7|) satisfy, 

ll'i£(i, •)I|l°°(k) < Co. 

More precisely, 

a < <b. 

Lemma 11. |17[ Lemma 4.2] [Lipschitz regularity in time] Then, there exists con- 
stant ci, independent of e, such that for all t > the solutions to (|37p satisfy, 

\dtu^{-,t)\dx < ci. 

M 

Lemma 12. [171 Lemma 4.3] [Entropy dissipation bound] There exists a constant 
C2 independent from e such that the solutions to (1371) satisfy 



{dxU^{t,x)f dx < C2, 



for all t > 0. 

We also need Murat's lemma: 

Lemma 13. [13] Assume that the family (Qe) is bounded in LP{il), ft C M"^, p > 2. 
Then, 



with (q,), e Wj^^in) and (p,), g Mb.iod^)- 

The proof of the next lemma is almost the same as the corresponding one from 
[TO] . It is based on Lemmas [TUHT^ 

Lemma 14. Denote for a fixed ^ G M: 

qix,X) = HiX-0{H{x){f{0-fm + H{~x){g{0~g{0)). 

qix,0 = Hi\-0{Hix)ifiO-f{0)+Hi-x)ig\0~g'iO))- 
The family 

dtq{x,Ue) + dxq{x,Ue), e > 0, (39) 
is precompact in W^^'^ {]R^ x M). 



(38) 
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Proof: Denote ?7'(A) — H{X — By multiplying ([37]) by ri'{ue), we conclude 

dtK - ei + dMx,u,) < 1/(0 - .g(e)|<5(x) + ed^u.^Hiu, - 0)- 
We rewrite the latter expression in the form 

dtq{x,u^) +dxq{x,Us) 

= {dtq{x, ue) ~ dtW - ei) + 1/(0 - + ed^{u,^H{u, - i)) + 0, 

where (/i^) is a family of Radon measures which exists according to the Schwarz 
lemma on non-negative distributions. 

The conclusion of the lemma now follows from the Murat lemma after taking 
Lemmas fT0llT2l into account. For details, see [El Lemma 1.8]. 

□ 

Now, we can prove the following lemma. 

Lemma 15. Denote by (u^) family of solutions to p7p and assume that f and g 
satisfy (j36p . Assume that the mapping ^ ^ /(O is not constant on any subinterval 
of an interval {l,r). Then, the sequence {H{x)si riug)) is strongly precompact in 

Similarly, if the mapping ^ i— >■ g{^) is not constant on any subinterval of an inter- 
val {l,r), then the sequence {H{—x)si j.{ug)) is strongly precompact in Lj^^{lR^ xM). 

Proof: Notice that from Lemma [T4l it follows that for the family of functions 
and any r, I G M, the families 

dtq{x, H{x)si^r{ue)) + dxq{x,H{x)si.r{us)) and 
dtq{x, H{-x)si^r{ue)) + dxqix,H{~x)si^r{ue)), 

where the functions q, q given by ([55]). are strongly precompact in Wj^^'^^M^ x M). 
Indeed, notice that 



q{x,H{x)si.M) = H{x)q{x,si,r{u,))-H{-OH{-x){giQ)-g{0) , ^ 

41) 

q{x, Hix)siAue)) = H{x)q{x, siAue)) - H{-OH{-x){g\Q) - g\0) 



Since dtq{x, siriue)) + dxq{x, si^riu^)) is strongly precompact in W;^^^'^(J?+ x IR) 
if dtq{x,Ue) + dxq{x,Ue) is (see [211 Theorem 6]), we conclude from (|4T|) that pOj) 
holds. 

Furthermore, notice that if the mapping ^ i— /(O is not constant on any subin- 
terval of an interval {l,r) then the vector {q{x,^),q{x,£_)) from (|38)) is genuinely 
nonlinear on the interval (Z,r) for a; > 0. Indeed, for a; > the vector reduces 
to (/^(C):/(C)) s-nd this is obviously genuinely nonlinear vector since, due to the 
assumptions of the lemma, for any ^0,0 G it holds ^of^iO ^ifiO foi' 
£, G {I, r). Now, from [^ and LemmalHl we conclude that the family {H{x)si,r{ue)) 
is strongly precompact in L]^^{M7^ x M). 

In the completely same way, we conclude that the family {H(—x)si_r(ue)) is 
strongly precompact in Ljg^{lR~^ x IR) if the mapping ^ i— > (?(0 is different from a 
constant on every subinterval of the interval {l,r). □ 
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Lemma 16. Assume that the flux functions f and g from ([T]) satisfy p6p . Then, 
there exists a function u G L°°{IR) such that 

f{ue)H{x) + g{u,)H{~x) ^ f{u)H{x) + g{u)H{-x) (42) 

strongly in L\^^{I[t^ x M). Moreover, the function u admits left and right traces at 
the interface a; = 0. 

Proof: Denote 

u^[t,x), ^ U*|rjar,,a,.,+i), a; > 

Ue{t,x), ^^(i,^) ^ U*iJ6/,,6z.+i), x<0, ^^g^ 

flr-j, U^[t,x) e [ar^,ar^+l], X > 0, 

Me(i,x) e X < 0. 

Notice that f{ue)H{x) + g{u^)H{-~x) = f{u^)H{x) + g{u^)H{x) according to as- 
sumptions ([36]). Then, notice that 

(n,, n,,-l \ / ni nj — 1 \ 

2=1 i=2 / \i=l i=2 / 

According to Lemma 1151 and the definition of the function Ug, we see that (ug) is 
strongly precompact in L\^^{IR^ x M) (since this property has each of the summands 
on the right-hand side of (|44)) ). Denote an accumulation point of the family (u^) 
by u. Clearly, the function u satisfies (|42|) . 

In order to prove that the function u admits traces at the interface, denote 
by H {x)u°'^°'*+^ , i — 1,...,?^^, and H{—x)u^''"'+^ , i — l,...,ni, strong L^^^^-limits 
along subsequences of the families (sai,ai+i (uj)), i — l,...,rir, and (sfc- ^.^j (ug)), 
i = 1, . . . , nj, respectively. From (j^J), it follows: 

i=l i=2 / \i=l i=2 / 

Also, notice that H {x)u°-''^'+'^ , ? = !,... and H{—x)u^^^^+'^ , i = 1, . . . ,n;, are 
quasi-solutions to ([1]). Therefore, according to Theorem^ they admit strong traces 
at X = 0. From ((45|) . we see that u admits strong traces as well. □ 
We are finally ready to prove the main theorem of the paper. 

Theorem 17. There exists a unique entropy admissible weak solution to ([1]). 

Proof: At the beginning, assume that uq G BV{1R; [a,b]) {uq £ L^{M) is not a 
substantial requirement) and, as usual, denote by (u^) the family of solutions to 
()37p . By applying the procedure from the proof of Theorem [71 we conclude that 
satisfies for every ^ £ M: 

dt\u,-(\+dAsgn{u,~OiifM-f{0)H{x) + {g{u,)~g{0)H{-x)) (46) 
+ sgn(p(t) -0(/(0 -5(0)'^^ < Ov'ie), 

where Ot>' (e) is a family of distributions tending to zero in the sense of distributions 
as £ — > 0. Letting e — in ([46]) and taking Lemma [T6l and Theorem [9] into account, 
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we obtain in V'(R+ x R): 

dt I (|A-^|rfi.t,.(A) + 9. {sgn{u-mf{n)-fmH{x) + {9{n)^gmH{~x)) 

(47) 

+ sgn(p(t)-0(/(?)-5(e))'5(^) <0, 

where vt^x is a Young measure corresponding to the sequence (we), and u is the 
function satisfying (j42p . The Young measure Vt ^c and the function u (admitting 
strong traces at a; = 0), we shall call an entropy admissible measure valued solution 
to ©. 

Denote by at.x a Young measure and by w a function representing an entropy ad- 
missible measure valued solution to ([T]) corresponding to initial data uq G BV{1R] [a, b] 

Using the classical arguments by DiPerna ll2j, we conclude that for any test 
function ip G C^{1R+ x (-K\{0})) it holds: 



\ - ■q\dtipdvt.x{X)dat,x{il)dxdt (48) 

r.+ xrJr:-^ 

sgn(u-v){{J{u)~f{v))H{x) + [g{u)-g(v))H{-x))dxVdxdt>Q. 

R+xR 

Now we take the function /i/, from (PT|) again and, for an arbitrary ip G C^{]R^ xM), 
put ip = (I - ^fi)'ip in P5|) . We obtain: 

A - ■r]\dtipdvt,xWdat,x{ri)dxdt (49) 

r+xrJr^ 

sgn{u-v){{f{u)-f{v))H{x) + {g{u)-g{v))H{-x))d,Hxdt 

■+xR 
>-Jih) + 0{h), 

where J{h) = (((/(u) - /(z;))i?(x) + (.g(u) - g{v))H{-x))) fi'^^dxdt, while 

0(^1) is the standard Landau symbol. Since v and w admit strong traces at x = 0, 
as in the proof of Theorem [71 we conclude lim J{h) > 0. From here, after letting 



/i — > in (j49|) . we conclude: 

A - ri\dtipdh't,xWdat.xi'n)dxdt 

r+xrJr? 

sgn(u - v) iifiu) ~ f{v))H{x) + ig{u) - g{v))H{~x)) d^^dxdt > 0, 

l+xR 

and from here, using well known procedure |18j . we conclude that for any T,R> Q 
and appropriate C > 0: 

/ / / \>^-v\di^t,x{>>-)dat,x{v)dxdt <T \uQ-vo\dx. (50) 

Jo Jb(o,r)Jr^ Jb{om+ct) 

Taking uq = vq, we see from ([SO)) that for almost every {t,x) G [0,T] x M the 
Young measures vt^x and dt^a: are the same and they are supported at the same 
point. This actually means that (Jt,x{0 — '^t,x{£,) — — u{t,x)) for a function 
u. From Theorem [9l we conclude that Ve ^ u strongly in Lj^^{lR^ x M) along 
a subsequence. The function u will obviously represent the entropy admissible 
solution to (HI). 
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Since we have just concluded that for any uq E Ci BV{]R), the family (wg) of 
solutions to ([37l) is strongly i;^Qj,-precompact, from (|50l) we get (|29|). 

Now, we consider the case uq ^ BV{M). First, we take a sequence (uqe) of the 
functions of bounded variation such that uq^ — > uq in L\^^{]R). Then, we take the 
sequence (we) of entropy admissible solutions to ([1]) with uq = upe- The sequence 
(wg) satisfy: 

/ / \Uei — Ue^\dxdt <T \uoei — UQeg l'^^;. 

^0 Jb{o,b.) Jb{o,r+ct) 

This readily implies that the sequence (ug) is convergent in Ljg^{]R^ x M). Its 
limit is clearly an entropy admissible solution to ([1]). Uniqueness of such entropy 
admissible solution is proved in the completely same way as when uq G BV{1R; [a, b]) 
(since the existence of traces on a; = does not depend on the properties of initial 
data) . □ 
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